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CONSTITUTIVE AND NUMERICAL MODELING OF CHEMICAL  
AND MECHANICAL PHENOMENA IN SOLID OXIDE FUEL CELLS  
AND OXYGEN PERMEABLE MEMBRANES 
 
Виконано моделювання хімічних і механічних явищ, та розроблені узагальнені визначальні 
співвідношення, які можуть бути використано для розрахунків залежних від часу розподілень 
напружень та пошкоджуваності, що обумовлена повзучістю, в твердооксидних паливних елемен-
тах та в  мембранах для переносу кисню як функцій матеріалу та параметрів паливного елементу 
чи мембрани, які знаходяться в несталих та сталих умовах роботи. Розроблені визначальні спів-
відношення впроваджено в формі  структурних моделей для аналізу розподілу напружень в па-
ливних елементах і в  мембранах та деградації в часі, для аналізу міцності та тривалої міцності, 
для забезпечення безпечної роботи систем паливних елементів та мембран для стаціонарного та 
транспортного використання. 
 
Constitutive modeling of chemical and mechanical phenomena has been given, and constitutive equa-
tions have been developed that will then be used to calculate the time dependent stress distribution and 
the creep damage growth in Solid Oxide Fuel Cells and in Oxygen Permeable Membranes as a function 
of material and stack parameters or membrane parameters as well as of operating conditions. 
The constitutive model developed has been incorporated in a form of the structural modelling tool for 
analyzing mechanical stress distributions in the stack or membrane and mechanical degradation over 
time, for durability analysis and lifetime predictions, and for improving the performance and safety of 
fuel cells and membranes for transport and stationary applications 
 
Introduction. Molten carbonate and solid oxide Fuel Cells developed at the 
end of the 20th century push the efficiency of using hydrogen or fuel gas contain-
ing hydrogen to generate electric power in the range of 35 to 55 percent of higher 
heating value. Hydrogen is an ideal fuel and versatile energy carrier, and its advan-
tages are listed as below: 
1) Renewable, easy to produce, 
2) Convenient fuel for transportation, 
3) High utilization efficiency, 
4) Environmentally compatible (zero- or very low-emission), 
5) Versatile, converts easily to other energy forms. 
Solid Oxide Fuel Cells (SOFCs) consist of an oxygen-ion conducting electro-
lyte material that is sandwiched in between two thin, porous electrodes [1, 2]. Dif-
ferent cell designs of SOFCs have been studied, including planar, monolithic, seg-
ment-cell-in-series and tubular geometries. The cell component materials of the 
different designs are the same or similar in nature [3-8]. 
Another application in high-temperature electrochemical devices is Oxygen 
Permeable Membranes (OPMs) [8-11]. They can be used for direct conversion of 
methane to syngas at efficients > 99%. The major advantage of mixed conductors 
for this  purpose  compared  to traditional  oxygen conducting materials like yttria- 
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stabilized zirconia is the elimination of the need for an external electric circuit. The 
operating principle for oxygen permeable membranes is shown in Fig. 1. When the 
membrane is placed in an oxygen gradient, oxygen is spontaneously transported 
through the membrane from the high- 2pO  to the low- 2pO side. Oxygen can then 
be produced directly from high-pressure air given that the oxygen partial pressure 
on the other side of the membrane is kept sufficiently low. Oxygen permeable 
membrane technology eliminates the need for an oxygen plant and allows the inte-
gration of oxygen separation and reaction into a single process. Membranes can be 
shaped into hollow tube reactors, but other geometric shapes like honeycomb or 













Fig. 1. Operating principle for an oxygen permeable membrane in a gradient of oxygen par-




2. Degradation of electrochemical ceramics. Recently, perovskite ceramics 
exhibiting both high ionic and electronic conductivity have been given much atten-
tion for applications in high-temperature electrochemical devices. For example, 
perovskites x3 1 x 3and(La,Sr)MnO La Sr FeO-  are candidate materials for cathode in 
solid oxide fuel cells [7], and 3LaCrO has been intensively studied for the use as an 
interconnect material [4]. Perovskite ceramics have also a potential application as 
dense oxygen permeable membranes for partial oxidation of natural gas or for sepa-
ration of oxygen from air [2, 6, 12]. 
The degradation of electrochemical ceramics with time is a major problem for 
its applications in high-temperature electrochemical devices. The degradation due 
to chemical expansion, creep deformation and formation of non-conductive secon-
dary phases on interfaces between different materials or on the surface has a strong 
effect on the microstructure, mechanical and functional properties of electrochemi-
cal ceramics.  
The degradation of electrochemical ceramics with time can be investigated 
experimentally. The chemical expansion observed in electrochemical ceramics at 
high temperature occurs in addition to the thermal expansion [13]. This chemically- 
induced swelling can be considered as a general phenomenon concerning all 
mixed- valence materials that compensate for the reduction of cations by creating 
anion vacancies. 
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The chemical expansion of perovskite
0.2 0.80.6 0.4 3CoLa Sr Fe O - d  ( d  is oxygen 
non-stoichiometry) at the temperature of 800o C as a function of partial pressure of 
oxygen can be found in Fig. 2 [14]. The experimental data are shown by symbols 
while the assumed extrapolated behaviour is shown by dashed line. For example, 
the chemical expansion of perovskite
0.2 0.80.6 0.4 3CoLa Sr Fe O - d  with oxygen pressure 
of 5 atm was measured to 0.3 %. Thus, it is necessary to take into account chemi-




Fig. 2. Chemical expansion of perovskite
0.2 0.80.6 0.4 3CoLa Sr Fe O - d  at 800
o C  
 
Another feature of electrochemical ceramics with applications in SOFCs and 
OPMs is their creep behaviour related to the diffusion of the various defects 
(cations and anions) in the crystal [15-19]. Anion diffusion could be by oxygen 
vacancies or oxygen interstitials depending on the composition of the material [20, 
21]. Grain boundaries are particularly likely to be affected by the presence of de-
fects [22]. The rates of mass transport processes such as creep, grain growth or 
densification can be controlled either by the effective diffusion coefficient of the 
slowest moving species [22, 23] or by the concentration of the slowest moving spe-
cies [23, 24]. For example, the creep process in yttrium aluminium garnet polycrys-
tals in the temperature range 1400o -1550o C is controlled by ytterbium cation diffu-
sion [25]. Diffusion of cations controls also compressive creep performance of 
perovskite 3SrFeO  in the temperature range 800
o -1000o C [26]. This is contrary to 
the creep behaviour of 
0.8 0.20.2 0.8 3CrLa Sr Fe O - d  at low partial pressure of oxygen 
explained by the effect of the cluster concentration [27-30]. 
One of the creep features of a large class of structural ceramics is their differ-
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ent behavior in tension and compression. This creep feature may be investigated 
experimentally by comparing creep curves obtained from uniaxial tests in tension 
and compression at the same temperature and taking specimens at the same orienta-
tion from the body under consideration. In this way it is established for polycrystal-
line ceramics that the absolute values of creep strain, chosen for one and the same 
absolute value of constant stress, and for one and the same value of time, are essen-
tially different depending on the sign of the stress. Thus, one has two different 
creep curves (one in tension, and the other in compression). For example, the 
growth of the absolute value of the creep strain with time in an yttria-containing 
hot-isostatically- pressed silicon nitride in the temperature range 1316o -1399o C 
under uniaxial tension and uniaxial compression is reported in [31]. It is seen from 
Fig. 3 that the creep strain rate in the secondary stage of the creep curves for ten-
sion and compression at 1316o C and with the absolute value of the stress of 125 
MPa is different by a factor of about six. Furthermore, the creep strain rate at the 
steady state under tension at 1371o C and with 200 MPa is approximately 20 times 
larger than that in compression while the corresponding creep rupture times are 




Fig. 3. Creep curves in an yttria-containing hot-isostatically- pressed silicon nitride under 
tension and compression at 1316o C and with the absolute value of the stress of 125 MPa 
 
Alternatively, tension/compression creep asymmetry for electrochemical ce-
ramics can been determined experimentally by measuring residual stresses in a 
specimen after bending with creep conditions and using laser technique.  
Chemically- induced swelling without creep in ceramic oxygen ion- conduct-
ing membranes has been studied in [3, 32]. The thermal creep (without diffusion) in 
the structures of different shape and geometry has been considered in [33-58].  
However, to the best authors’ knowledge, up to now no investigations exist of 
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chemically- induced swelling with diffusional creep and creep damage 
development in SOFCs as well as in OPMs. In addition, substantially higher frac-
ture toughness can be expected, due to diffusional crack blunting and possibly 
crack healing [30].A general approach to the analysis of creep, chemical expansion, 
creep damage and lifetime reduction in SOFCs has been proposed earlier in [59]. 
The specific objectives of the present paper are: 
· to develop a new approach in detail to  a three- dimensional stress- strain state 
in SOFCs and OPMs based on simultaneous coupling of the diffusion theory 
with swelling, creep and creep damage analysis incorporating the diffusion co-
efficient of oxygen ions, the volume diffusion coefficient of the slowest mov-
ing species, grain- boundary diffusion coefficient and concentration of the 
various defects (cations and anions) in the crystal in order to control 
macroscopic properties of electrochemical ceramics at elevated temperatures 
by manipulations at the atomic and molecular levels, 
· to develop an integrated micro-meso-macro constitutive framework for 
swelling and diffusional creep in electrochemical ceramics with multiaxial 
stress state using Fick’s second law, and taking into account different creep 
behavior of materials in tension and compression, 
· to do the identification of the material parameters in a nonlinear constitutive 
model,  
· to formulate the initial/ variational problems for swelling, diffusional creep and 
damage development in  SOFCs and OPMs that will be used to predict the 
time changing of the induced stresses and lifetime of plate, shell and three-
dimensional structures of different shape and geometry operating under severe 
service load conditions as well as at elevated temperatures, and to quantify the 
functional properties and degradation  of electrochemical ceramics. 
3. Modeling of SOFCs and OPMs. In general, the problem under discussion 
for the three-dimensional body (volume V , bounded by surface 1 2S S S= + ) (Fig. 
4) with reference to the Cartesian coordinates ( 1,3)ix i =  for the case of the small 
strains and zero volume forces can be formulated as a variational problem of mini-
mizing the following functional of Lagrange: 
 




dd5.0,, 321 &&&&&&&&&&& ee  (1) 
 
where the dot above the symbol denotes a derivative with respect to time. The body 
under consideration is under the action of the surface forces 
n jX applied to part of 
the surface 2S . Displacements of the surface points 
 
=  i iu u
*                    (2) 
 
are given on the remainder of the surface  1S . The components of the total infini-
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tesimal strain tensor kle  are assumed to be the sum of the elastic components kle , 
chemically- induced components klr  and the creep ones klp , i.e. 
 
klklklkl pre ++=e     (3) 
 
 
Fig. 4. Schematic of a repeat unit for a planar SOFC stack design [61] 
 
The components of the stress tensor can be defined according to the general-
ized Hooke’s law: 
klijklij C es =      (4) 
 
with the elastic material parameter tensor given for the isotropic material as follows 
 







=    (5) 
 
where kls  is the Cauchy stress tensor, kld  is the Kronecker delta, E  is the 
Young's modulus and n  is the Poisson's ratio.  The components of the strain tensor 
and the components of the displacement vector are related to the kinematic equa-
tions 
( )kllkkl uu ,,2
1
+=e .      (6) 
 
The components of the chemically- induced strain tensor can be defined as 
 
klkl RCr d=      (7) 
 
where R is a material parameter. Concentration of oxygen ions C can be found by 
integration of the Fick’s second law using some initial and boundary conditions. 
The components of the diffusional creep strain rate tensor can be described by the 
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where is is the stress intensity, klS  is the stress deviator, es is the equivalent 
stress,  klklie MP dsss += , ( )ef s  is some function of the equivalent stress that 
can be determined, for example, as ( ) ( )H/f kee ss --= exp1 , P, M, H and  k are 
material parameters, C* is cluster concentration [27-30] or the concentration of the 
slowest moving species [23, 24] that can be found incorporating the effective diffu-
sion coefficient and integrating Fick’s second law  with some initial and boundary 
conditions. In order to describe the damage growth, it is possible to introduce the 
Kachanov- Rabotnov damage parameter [54] [ ]10,Îj . An initial value 0=j  cor-
responds to reference state while a critical value 1=j corresponds to creep rupture 
















d       (9) 
 
where L , m, q and b  are material parameters. Constitutive equation (8) and ki-
netic equation (9) describe different creep behaviour and different damage devel-
opment under tensile and compressive loading types. 
Material parameters of a constitutive model proposed can be found using the 
``parameter identification’’ by minimization of a least squares functional contain-
ing differences between measured and numerical calculated comparative quantities. 
The optimization of the objective function has been carried out using the Leven-
berg-Marquardt algorithm. 
The problem under discussion is the physically nonlinear initial/variational 
problem. Minimizing the functional given by Eq. (1) must be considered simulta-
neously with the initial value problem (with respect to time) for the physical equa-
tions of swelling and creep as well as for diffusion. This leads to the problem to 
find such displacement rates that yield an extremal value of the functional in  Eq. 
(1) assuming that components of the creep strain rate tensor 
ijp&  and components of 
the chemically- induced strain rate tensor ijr&  are given as some known functions of 
the coordinates  at each fixed instant  of time. The diffusion equation can be discre-
tized using a classical second-order centered scheme. The fourth- order Runge-
Kutta-Merson's method with automatical selection of time step sizes [33, 45, 47, 
59] has been used in order to solve the initial value problem for swelling and creep. 
The combination of the Finite Element Method and R-functions theory [62-64] has 
been used in order to obtain the numerical solution of linearized three-dimensional 
problems. Using the R-functions method the boundary conditions at the air channel 
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and fuel channel (Fig. 4) will be satisfied exactly. 
Below is given a number of particular cases related to different designs of 




Fig. 5. Schematic diagram showing the electrolyte of solid oxide fuel cells 
in fully relaxed case [3] 
 
1) The thin plate with reference to the Cartesian coordinates 1x , 2x  and z oc-
cupies the domain W  on plane 1x O 2x   with the boundary W¶ . The bending prob-
lem of the thin plate at large displacements (Fig. 5) is related to minimizing the 
following functional of Lagrange 
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where 1u and 2u  are the components of the displacement of the coordinate plane, 













= ,  
1 1 2 2cos( , ), cos( , )n x n x= =n n , n  is the external normal to the boundary 2W¶ at 
each its point, (1)nP  and 
( )1
tP  are the normal and tangential components of the con-
tour forces, h is the thickness of the plate, zq  is the surface load in the normal di-
rection. There are different formulations of the multilayer plate theory [65]. In or-
der to take into account the bending of the plate at large displacements and large 
rotations the functional of Lagrange proposed in [66] can be also considered. 
2) The tubular symmetrical about the axis z ceramic membrane (Fig. 6) with 
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reference to the cylindrical coordinate system (r, q   and z) occupies the domain 
W  on plane r O z with the boundary W¶ . The functional of Lagrange can be for-
mulated as follows 
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where 
( ) ( )[ ]qqqqll pprrprN zzzzrrrrcr &&&&&&& +++++= 1 , 
 
( ) ( )[ ]qqqqll pprrprN rrrrzzzzcz &&&&&&& +++++= 1 ,   rzcrz pGN && 2= , 
 
( ) ( )[ ]zzrrzzrrc pprrprN &&&&&&& +++++= ll qqqqq 1 , 21 nunuu zrn &&& += , 21 nunuu rz &&& -=t , 
 










G  is the modulus  of elasticity in shear.  
 
 
Fig. 6. Schematic of an oxygen permeable membrane system used for direct conversion of 
methane to syngas [12] 
(11) 
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The numerical determination of solution in the particular cases based on Eqs. 
(10) and (11) is similar to that of Eq. (1).  
The future research will be related to the incorporation of the constitutive and 
numerical framework developed in this paper into the ANSYS codes in a form of 
the computer-based structural modeling tool. 
The research described in this paper was funded by the Alexander von 
Humboldt Foundation, Germany. The first author would like to thank Mrs. Isakova 
Tatyana Vladimirovna for help, useful advices and support.   
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AN INTEGRATED APPROACH TO ASSESSING SEISMIC  
SIMULATION BASED ON ANALYSIS OF PRESEISMIC,  
COSEISMIC, POSTSEISMIC AND INTERSEISMIC CREEP,  
AND CREEP DAMAGE EVOLUTION 
 
Теоретичні та чисельні дослідження даної роботи направлено на дослідження Parkfield землетру-
сів. Головні дослідження направлено на пояснення впливу фізичної та хімічної дифузії, деформа-
цій повзучості в досейсмічному, сейсмічному, післясейсмічному та міжсейсмічному періодах, 
включаючи сталу стадію повзучості, дифузійної повзучості, циклічної та динамічної повзучості, 
великих деформацій, асиметрії повзучості при розтягу та стисканні, явища ділатансії, активного 
та пасивного розвитку пошкоджуваності, циклічних варіацій крайових умов, історії тектонічних 
навантажень, сейсмічної активності земної кори на формування розломів та розривів кори та 
відповідно на виникнення катастрофічних випадків. Основні дослідження сфокусовано на дослі-
дженні того, як дифузія, досейсмічна, сейсмічна, післясейсмічна та міжсейсмічна повзучість, 
великі деформації, розвиток процесів пошкоджуваності та заліковування, рух фронту руйнуван-
ня, крайові умови можуть бути змодельовані для розуміння Parkfield землетрусів та прогнозуван-
ня нових руйнівних землетрусів. 
 
In this paper, a comprehensive theoretical, numerical and computational investigation based on the 
analysis of the Parkfield earthquakes will be carried out with the main focus directed at the understand-
ing on how physical and chemical transport phenomena, creep deformation with preseismic, coseismic, 
postseismic and interseismic periods including steady-state static creep, diffusional creep, cyclic creep 
and dynamic creep,  large strains, tension/compression creep asymmetry, creep dilatancy, active creep 
damage state (degradation) and passive creep damage state (healing), cyclic variations of velocities in 
boundary conditions, and tectonic loading history affect fault sliding, seismic activity in the crust sur-
rounding a fault including accelerated seismic release characterized by cumulative Benioff strain, spatio-
